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A B S T R A C T

This paper presents a test of a methodology to describe the shape of true and accidental coincidence gamma-ray
spectra. The effect of the coincidence summing was enhanced by using a 50 kBq 22Na source in a NaI well
counter. The spectra were described by convoluting Monte Carlo simulated spectra in a spreadsheet for true, as
well accidental coincidence summing. In this paper we show that applying convolution techniques to the MCNP
simulated probability spectra, not only allows a reconstruction of the shape of the true coincidence spectrum, but
the simulations also prove to be an invaluable tool to understand the continuum in the spectra made up of double
and even triple random coincidences. Each of these summing processes was used to generate so-called standard
spectra that may be used in a full-spectrum analysis of the measured spectra to quantitatively derive the con-
tributions of each of the summing processes. For the case presented it is shown that the accidental coincidences
can be accounted for to a 0.1% level, a considerable improvement to the precision in previous papers.

1. Introduction

The well counter was invented and patented by Hal Anger in 1951.
It was and still is mainly used in nuclear medicine and for swipe tests to
check contamination, because of its large solid angle. In a recent series
of experiments, investigating a possible effect of anti-neutrino flux on
β+-decay, a 22Na-source was placed inside a NaI well counter that was
set to continuously record data over several months (de Meijer et al,
2017). The results of these measurements indicate a decrease in decay
constant of the order of 0.01%. In an attempt to improve the statistics
and reduce the contribution of background radiation in the present
work the source activity is increased from 2 to 50 kBq. This increase led
to a number of spectral features likely related to accidental coin-
cidences. The aim of the research we present here is to find out if the
observed spectral features can be understood from first principles and
reproduced using Nuclear Particle simulations. The ultimate goal is to
arrive at a very precise and accurate description of the measured
spectra, allowing us to correct the observed count rate variations for the
accidental coincidences to a level of accuracy of 0.01% or better.

The almost 4π configuration of the source-detector system leads to a
γ-ray spectrum consisting of several coincidence peaks. The 22Na-decay
yields a series of true coincidences: peaks made up of the summed effect
of the positron decay (yielding two 511 keV photons) and the decay of
the resulting 22Ne nucleus to its ground state (yielding a photon at

1275 keV). At the same time, a part of the spectrum will be made up of
accidental coincidences: i.e. peaks made up of γ-radiation of multiple
22Na nuclei decaying within a time interval indistinguishable for the
detection system.

To better understand the structure of the spectra measured, we ran a
series of Monte-Carlo simulations. Modern MC codes like MCNP and
FLUKA have become very reliable and precise tools with which γ-ray
spectra measured in a certain source-detector geometry can be re-
constructed. However, neither of these codes is equipped to include
time information into the simulation. In other words, they are by design
not useable for reconstructing the coincidence spectra we measured.

To overcome this drawback several methods have been developed
to describe coincident summing. More than two decades ago the mea-
sured efficiencies were used in algorithms to calculate how the photo-
peak and total efficiencies need to be corrected to compensate for co-
incidently emitted gamma-rays from both point sources (Blaauw, 1993)
and non-point sources (Blaauw et al., 1997) detected by a HPGe de-
tector with a Marinelli-beaker geometry. In Ref. (Blaauw, 1993) the
coincident summing of gamma-rays from a 82Br point source in a Ge-
detector is used to determine the photo-peak and total efficiency
without precise knowledge of the activity of the source. In Ref. (Blaauw,
1993) the summing out of the photopeak is derived from the effi-
ciencies for the summing γ-rays, determined from efficiency curves.
Their methods work well for a point source but for Marinelli-beaker
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geometries they tend to underestimate the efficiency. Vidmar et al.
(2003) further refined the method. Recently Dhibar et al. (2016) used
the formalism of Vidmar et al. (2003) in simulations with GEANT 4 to
describe the summing corrections occurring in large LaBr3(Ce) detec-
tors using 22Na and 60Co sources and correcting photopeak efficiencies
which in turn are used to derive the energy dependent efficiency curve.

Berlizov (Berlizov Semkowet al., 2006) describes the MCNP-CP code
based on the standard MCNP-4c program in which groups of correlated
particles are tracked within the same history through a defined geo-
metry. This geometry could consist of a single or multiple detector
system. The code contains a special card, RT, containing the resolution
time of the detector. A positive RT-value indicates the resolving time of
the pulse-pile-up system; a value RT=−1 indicates uncorrelated
particles. In the paper examples are shown for true summing coin-
cidences for a number of radioactive sources measured by a HPGe de-
tector. No quantitative analysis of spectra and the summing effects are
made. Zhu et al. (Zhuet al, 2008) compares MCNP-CP calculations for
measurements with HPGe detectors. True coincidence summing was
evaluated with the cascade summing correction (CSC) algorithm in the
Canberra Genie-2000 spectroscopy software (version 3.1) for summing
in and summing out effects for full energy peaks. The corresponding
data were archived data from 8 HPGe detectors. Their analysis shows
that the typical uncertainties due to true summing effects of 20% are
reduced to 10% or less. A paper by Jäderström et al. (2014), focusses on
the true coincidence summing of the full-energy peak measured in the
decay of radioactive sources in a well counter. In the paper the method
of Zhu is applied to the full-energy peak and total efficiencies for
spectra measured with a Small Anode Germanium well counter (SAGe).

Another Monte Carlo code, not based on MCNP, FLUKA or GEANT,
was written by Sima (1995) and applied by Sima and Arnold (1996) to
calculate self-attenuation and coincidence-summing effects on the full-
energy photopeak efficiencies for sources placed inside a HPGe well-
type detector. They restrict themselves to true coincident summing, but
extend the coincidence summing to more than two coincident photons
for cases with a complex decay scheme.

The application of coincidence summing corrections in NaI(Tl) well
counters is given by Hansman et al. (2015) for low-activity environ-
mental samples in a large volume NaI(Tl) well counter. Their activities
are so low that accidental coincidences do not play a role. They com-
pare their photo-peak efficiencies with GEANT4 calculations and obtain
discrepancies of 5–50% which they attribute to light collection defi-
ciences in their 9”x9” detector and a 3”x3” plug-in detector, not in-
corporated in their simulations.

The above mentioned papers mainly focus on full-energy peaks in
high-resolution detectors and the effects of coincidence summing on the
measured branching ratios. The codes used are either only available
commercially or from the authors. In this paper we show however, that
applying convolution techniques to the MCNP simulated probability
spectra, not only allows for a reconstruction of the shape of the true
coincidence spectrum, but the simulations also proved to be an in-
valuable tool with which to understand the continuum in the spectra
that are made up of double and even triple chance coincidences.

Section2.4 of this paper describes the method we developed and its
application to the well-counter experiments mentioned above.
Measuring the decay of radionuclides from relatively strong sources
over a long period implies that accidental coincidences may occur for
which the data have to be corrected, especially if coincidence summing
occurs. To correct for the accidentals requires knowledge of the detailed
shape and magnitude of the accidental spectra.

The decrease in accidentals is proportional to a multiple of the
decay constant whereas the count rate of the real coincidences de-
creases in time linearly with the decay constant. This implies that the
corrections for accidental coincidences will change in size and shape as
the measurement progresses – in other words, the corrections are time
dependent.

In this paper we present measured and simulated spectra for a 22Na

source placed inside a well counter and will demonstrate that these
simulations can be used to account for both true and accidental coin-
cidences. The count rate as function of energy ranges over six decades.
In that range Background, Singles, Doubles and Triples all contribute.
The contribution we derive of the Singles, Double and Triples is based
on their simulated probability functions. Their contribution to the
calculated spectrum follows from an optimization procedure. A proce-
dure which leaves a difference between measured and calculated decay
constants of the order of 10−3. For our investigation of the possible
effect of antineutrinos on the decay of 22Na. For our investigation of the
possible effect of antineutrinos on the decay of 22Na it implies that the
required precision of 0.01% will not reached with a 50kBq source and
that we have to make our measurements with a source with a lower
activity. The methodology presents a tool to check on the limitations of
such experiments.

2. Methodology

2.1. Experimental set up

A Vast majority of the measurements took place at the seismic vault
of Unit #1 of the Koeberg Nuclear Power station about 30 km north of
Cape Town, Republic of South Africa. A follow-up measurement with a
lower amplification to measure higher energy events, was carried out at
the detector test site of MEDUSA Radiometrics B.V, Groningen, the
Netherlands.

At Koeberg a 10.4 cm long cylindrical, 10.4 cm diameter NaI crystal
with a 12mm wide, 51mm deep well on its axis was placed inside an at
least 7.5 cm thick cylindrical lead shielding with two dove-tailed sliding
doors on top. At the bottom part of the crystal a quartz light guide is
mounted to concentrate the scintillation light onto a 7.5 cm diameter
cylindrical photo multiplier tube (PMT), partly protruding out of the
lead shielding. At the base of the PMT a compact, fully digital multi-
channel analyzer (MCA) is mounted (BASE527 10MHz MCA by GBS,
Germany). The MCA is connected to a laptop computer via a router. The
computer supplies 5 V DC power to the MCA and sends commands to
the MCA and receives spectral data and sensor parameters from the
MCA to be stored in its memory for off line analysis.

At Groningen the same set of detector and electronics was used. The
detector was placed inside the detector test facility at MEDUSA
Radiometrics B.V – a facility consisting of an enclosure surrounded by a
lead shielding of minimum 10 cm in all directions.

The 22Na source, produced by iThemba LABS, South Africa is
mounted at the end of a polycarbonate rod tightly fitting into the well
and is placed at the centre of the crystal. In this configuration the
source-detector configuration approaches an almost 4π geometry. In
this way sufficient repeatability is achieved in the source–crystal geo-
metry during multiple exchanges of sources. To protect the crystal from
positrons, electrons, and X-rays emitted by the source, each rod with
source is wrapped in 1mm thick Al foil and surrounded by about 3mm
thick Pb foil. At Koeberg and at Groningen the same source was em-
ployed. At its production in March 2016, the source activity was about
50 kBq.

2.2. Coincidence summing

The differences between a regular NaI counter and one with a well
are clear in a comparison of the spectra with a 22Na source positioned
outside and inside the well counter as presented in Fig. 1. In the bottom
panel lines show up at 511 and 1275 keV due to positron annihilation
and decay of the 1275 keV state in 22Ne (see Fig. 2 for the decay scheme
of 22Na). In the top panel in addition to the two expected peaks from the
single-photon lines at 511 and 1275 keV, coincidence summing peaks
appear at (2*511 = 1022) keV, at (511 + 1275 = 1786 keV), and at
(2*511 + 1275 = 2296 keV). Moreover, in addition to those peaks, the
shape of the continuum parts of the spectrum and the ratio between the
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511 and 1275 keV have changed. Clearly, the well geometry makes it
more probable that Compton scattered events, normally responsible for
continua on the low-energy side of peaks, sum into higher energy va-
lues. From the top panel it also becomes clear that all 22Na events in the
spectrum with an energy higher than the 1275 keV line are only due to
summed β+-decay events.

2.3. Monte Carlo simulations

2.3.1. True coincidences
As mentioned in Section 1, standard Monte Carlo simulation codes

do not include time information and hence cannot be applied straight
forwardly to explain spectra containing coincident summing events. We
developed a macro subroutine in EXCEL in which spectra are generated
based on convolution of probability spectra generated by MCNPX,
version 2.5f (Pelowitz, 2005). The following steps are taken:

1. Two independent, geometrically identical source-detector models
are set up: one for β+ emission by 22Na and one for emission of

1275 keV 22Ne de-excitation γ-rays. The emission rate for each of
these particles is set to 1 Bq. The modelled source-crystal geometry
is chosen to be equal to that of the experiment. The statistics and
transport of scintillation light photons are not part of the model.

2. The models are run independently, each generating one probability
spectrum.
• The positron annihilation probability spectrum contains the 511
and 1022 keV peaks and their Compton continuum. This spectrum
is a convolution of the probability spectra +Pe

0 and +Pe
1 for the β+

transition to the ground state 22Ne(0) and to the first excited state
22Ne(1), respectively.
• The γ-ray probability spectrum for the 1275 keV de-excitation of

22Ne(1) and its Compton continuum is denoted by P .
3. The convolution takes the branching ratios BR for the β+ and EC

channels into account. The final true coincidence probability spec-
trum P with bin number i is given by:

Fig. 1. Comparison between 22Na spectra with a 2 kBq source placed inside (top) and outside (bottom) a NaI well counter.

Fig. 2. Left: A comparison between a measured and a simulated 22Na-probability spectrum for a source in a well counter. Right: The simulated contributions from
electron capture and β+-decay. The decay scheme is based on data in Ref. (Firestone and Shirley, 1996).
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The first two terms in Eq. (1) correspond to β+-decay and the third
term to EC.

4. Lastly, the resulting convoluted probability spectrum was Gaussian
broadened (Debertin and Helmer, 1988; van der Graaf et al., 2011)
to obtain a realistic representation of the spread in scintillation
photon yield per keV γ-ray energy absorbed by the NaI scintillator.

2.3.2. Application to 22Na
In the left panel of Fig. 2 a comparison is presented between mea-

sured and MCNP simulated 22Na spectra. The extension of simulated
probability spectra, following the fate of the 1275 keV γ-ray and the
positrons to the ground state and the first excited states as described in
Section 2.3.1, reproduce the structures in the continuum. The absolute
magnitude, especially at lower energies, depends strongly on the details
of the source geometry. Relative to 22Na spectra recorded with regular
cylindrical NaI crystals, the continua under and between the peaks
appear reduced. Also this reduction is shown by the simulations.

In the right hand panel of Fig. 2 the individual contributions from
electron capture (EC) and β+-decay are shown. In a regular NaI de-
tector the full-energy peak area of the 1275 keV line would be an order
of magnitude stronger. In the well counter the full-energy peak area of
the 1275 keV line is reduced due to the coincidence summing trans-
ferring intensity to the events being recorded above the 1275 keV line.
This figure also indicates that, despite the order of magnitude larger
branching ratio for β+-decay than via EC, both of which feed the
1275 keV state, the majority of events in the 1275 keV line in the well
counter spectrum arises from EC. This is because there are no true co-
incidences involving the EC decay.

In the comparison between simulations and measurements in Fig. 2,
one notices that there is some mismatch between the positions of the
five peaks. We interpret this difference as being linked to ambiguities in
the peak-search algorithm. In the coincidence summing a part of the
(Compton) continuum events will sum-up to the full energy. As a
consequence the shape of the continuum e.g. below the 511 keV peak
will differ from the regular almost exponentially decreasing shape and
become almost horizontal. The shape of the peak and the continuum
will be repeated for the 1022 keV line with the intensity of the con-
tinuum becoming double the continuum below the 511 keV line. As a
consequence somewhere under the 511 keV line the continuum will
change intensity. In the simulations this change is automatically taken
care of, but for the determination of the peak position this change has to
be estimated. This most likely causes a systematic uncertainty in the
peak position determination not only for the 511 and 1022 keV lines,
but also for the higher energy lines where the effect is less prominent
due to the more smooth shape of the continuum.

3. Accidental coincidences

3.1. Simulated spectra

In the previous section we considered the summing in the detector
set-up of γ-rays belonging to the same decay event. Especially at higher
count rates, events from separate decay events may be detected within
the time interval that the system allows the detection of a pulse and

their energy deposits in the detector are summed. Since this is a sto-
chastic process these events are usually termed as accidental coin-
cidences. In the spectrum these events contribute not only to the
summing of events from individual γ-ray quanta, but also to the sum-
ming of true coincidence events in case of a well counter. This com-
plicates the interpretation of such γ-ray spectra. In this paper we in-
vestigate how such spectra can be analysed.

The agreement between simulated and measured 22Na spectra in the
well counter will be the basis for generating Double and Triple acci-
dental coincidences. Double and Triple means two- and threefold co-
incidences between events from two or three decays, respectively. In
this case the true events are partly summing coincidence events origi-
nating from a single decay. We term these spectra Singles.

To generate spectra of Doubles and Triples we consider three con-
tributions to the accidental coincidence part of the measured spectra:

• Hardware and software;
• Detector; and
• Spectrum.
The hard- and software incorporates a “blind time” τ, within which

individual pulses cannot be distinguished by the MCA-base hard- and
software, and are seen as one single event. At a given source activity the
chance for an accidental coincidence depends on the count rate and τ.
We refer the reader to e.g. Ref. (Glenn, 2000), page 120. The MCA used
in the experiments is fully digital, i.e. it continuously digitizes the
analog output signal of the PMT and therefore a discussion on paraly-
sable and non-paralysable character of the accidental events can be
ignored.

We define the probability of an accidental coincidence due to the
hard- and software to be B, with B0 the value at the time of the be-
ginning of the measurement series. (This choice of the reference time is
arbitrary and other choices may be made). For the acquisition system
the accidentals are therefore real events that could not be identified as
accidentals since they arrived within the time window defined by τ and
look like a single real event. They will be processed as real events and
therefore contribute to the dead time of the system.

The detector has a certain efficiency and the factor Nnorm is the
factor that normalizes the calculated probability to the measured count
rate.

We consider a normalised (MC) 2048 channel spectrum produced
by our source S(j) with 1 < j≤2048 and =S j( ) 1j . We name the
spectrum caused by double accidental coincidences Q(k) with
1 < k≤4096 and caused by triple coincidences R(l), with
1 < l≤6144. The chance for an accidental coincidence is set to be
dependent on the pulse shape and assumed to be independent of energy
i.e. the same for each j.

Under these assumptions the probability spectra Q(k) and R(l) are
then given by:

=Q k S j S k j( ) ( ) ( ), and
j (3a)

=R l S j Q l j( ) ( ) ( ).
j (3b)

Both Q and R are normalised probability functions.
In case of a theoretical or simulated spectrum in which S(j)= 0

above a certain value of j, the counts in the measured spectrum will be,
aside from background which is corrected for separately, due to acci-
dental coincidences. With this model we aim at understanding the ob-
served accidental coincidences and apply that knowledge to the ana-
lysis of the spectra.

In Fig. 3 the MC data are represented by the Singles curve with
along the axis the probability for detection per decay.

The bin width is 10 keV. The Doubles and Triple curves are two- and
threefold accidental coincidence probability spectra, calculated from
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eq. (3) with a bin width of 10 keV. All probability spectra add to unity.
From Fig. 3 one notices:

• The accidental spectra are not smoothly varying spectra, but contain
peaks. One notices the presence of the 1022 keV peak (2*511), the
1786 and 2297 keV peaks, due to summation of 1275 and one or
two 511 keV events. Note that these peaks also occur in the Singles
spectrum;
• Due to accidental coincidences also “new” peaks show up in the
spectrum: e.g. at 3*511 + 1275 = 2808 keV.
• The continuum part of the spectrum resembles a phase space spec-
trum, reflecting the number of possible states to populate. The
centre of gravity for the Doubles and the Triples is at about 2 and
3MeV, respectively; close to or above the high-energy end of the
22Na spectrum and indicates that the part of the measured spectra
above about 2.5MeV represents accidental coincidences;
• The spectra extends to about 6MeV, as they should.

3.2. Measured 22Na spectra

3.2.1. Spectrum stabilization
In a series of measurements at the set-up in the seismic vault of

Koeberg, 85 two-hour real time background (BG) spectra (spectra #0-
#84) and subsequently 366 two-hour real time (Na) spectra
(spectra#85-450) with a ∼50 kBq 22Na source in the well detector
were taken between 19 August and 19 September 2016. During this
period the reactor was in operation (ON). The BG spectra showed no
drift over time and the summed spectra could be used to deduce an
average BG-spectrum. The countrate in the BG spectra is five or more
orders of magnitude smaller than in the 22Na spectra (see also Fig. 10).

By contrast, the Na-spectra do show a gradual shift towards lower
energy as can be seen in Fig. 4 in which the spectrum is shown spectrum
#100, 300 and 500, meaning at intervals of 400 h. The data in Fig. 4
show that the drift is increasing with increasing energy. According to
the detector + PMT supplier [Scionix] this drift is due to aging of the
PMT leading to a (linear) gain drift. The deadtime indicated by the GBS
software changes from initially 11.3 to 11.0% at the last spectrum. This
change in deadtime is attributed to the diminishing of the count rate
related to the decay of the source, and not to the aging of the PMT. With
λ22Na = 3.0381*10−5 h−1 and a total measuring time of roughly 800 h,
the expected decrease in countrate is about 2.5%.

Since the contributions of the Doubles and the Triples are most
clearly manifesting at the higher end of the spectra, the need for proper

energy stabilization of the spectra is evident before any other analyses
take place.

The so-called full spectrum analysis, (FSA) (Stapel et al., 1997;
Hendriks et al., 2001) in which a standard spectrum is created either
extracted from measurements or from a Monte Carlo simulation has
been used for the stabilization. We initially created a standard spectrum
by averaging over five spectra (#305-309), approximately in the middle
of the measurement series. The stabilized spectrum was obtained in a
least-squares minimization procedure resulting in a linearly stabilized
spectrum.

Fig. 5 shows the resulting unnormalised χ2-values obtained in the
FSA minimization procedure as function of the spectrum number. In
this procedure each spectrum is linearly adjusted to match the ‘energy
calibration’ of the standard spectrum. The sharp minimum occurs at the
spectral numbers used to obtain the 22Na standard spectrum and hence
is trivial. The increase in the χ2-values away from the minimum is
caused by the combined effect of the decaying source activity and the
spectral change due to the changing intensity of the accidentals with
time. In fact the figure shows how sensitive the stabilization procedure
is with respect to the magnitude of the standard spectrum.

Fig. 3. Probability distribution for a simulated 22Na Singles (S) and its asso-
ciated accidental Doubles (D) and Triples (T) spectra.

Fig. 4. Two-hour spectra with a 50kBq 22Na source #100 (R), #300(M) and
#500 (L) hours. Where R, M, L refer to the spectra with peaks relative posi-
tioned to the Right, Middle or Left.

Fig. 5. The unnormalised χ2-values obtained in the FSA minimization proce-
dure as function of the spectrum number. (starting at spectrum #85).
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3.2.2. Estimate of accidental contributions to the spectra
To estimate the contributions to the two-hour spectra of the Doubles

and Triples we take the high energy part of stabilized spectrum #85 and
divide it into a number of Regions of Interest (RoI), calculate their
countrate, correct for background and the livetime as generated by the
software and compare it to the countrate (NQ and NR) of almost the
same RoI in the Q and R probability spectra. Table 1 gives an overview
of the RoI, the summed countrate in the first and last spectra (#85 and
#450), and the same RoI in the Doubles and Triples probability func-
tions Q and R, respectively. The statistical uncertainties follow
straightforwardly from the accumulated counts in the 2 h spectra. The
quantities B0 and Nnorm will be discusses in section 3.2.3.

From Table 1 one notes that the RoI-2 values for Q and R are higher
than for the RoI 1 and 3. Notice from Fig. 3 that there is an accidental
peak, from two or more decay events, around 2808 keV, due to the
accidental summation of the full energies of the 2297 and 511 keV, the
1786 and two 511 keV, or 1275 and three 511 keV. This peak is also
present in the measured spectrum as shown in Fig. 6, which confirms
our ideas on the contribution of accidentals.

3.2.3. Intensity variation with time
Due to decay of the source, the measured countrate decreases with

time. If the countrate of the Singles decreases with decay constant λ,
one expects the Doubles and Triples to decrease with decay constant 2λ
and 3λ, respectively. We may check this reasoning by following the
countrate in the RoI over the period covered by the spectra 85-450. A
first check in Fig. 7 as an example, the countrate for RoI 2 + 3 is given
after correction for background and for dead time as generated by the

software, together with a trend line and the coefficients of the para-
metrization. For the other RoI similar curves are obtained. The slope
coefficient for RoI 2 + 3 corresponds to a trend-line value of
λ = 6.1130*10−5 h−1. The trend line indeed indicates a faster decay
than natural (The value for natural decay of 22Na is
λ22Na = 3.0381*10−5 h−1). The drop-off is slightly faster than 2*λ22Na
expected for the Doubles indicating a small Triples component.

In the second check we write the accidental count rate in a RoI
above 2.5MeV as:

= +N t B N e N B e N( ) [ ].RoI norm
t

Q
t

R0
2

0 (4)

Eq. (4) contains two unknowns: B0 and Nnorm which are the prob-
ability of an accidental coincidence at t= 0 and a normalization con-
stant containing e.g. the detector efficiency. Eq. (4) can be solved by
taking the RoI countrate at two times. If we take the equations at
spectrum #85 as t=0 and at spectrum #450 as t = te, we obtain the
equations:

= +N B N N B N N(0)RoI norm Q norm R0 0
2 (5a)

= +N t B N N a B N N a( ) .RoI e norm Q norm R0
2

0
2 3 (5b)

In Eq. (5b) =a e te.Multiplying Eq. (5a) by a3 and subtracting from
it Eq. (5a) one obtains after some rewriting:

=B
N

N N a a
N a N t

N1 (0) ( )
(0) (

, and
R

RoI Q

RoI RoI e
Q0

3 2

3
) (6a)

=
+

N N
B N B N

(0)
[ ]norm

RoI

Q R0 0 (6b)

As a next step we take Eq. (4) and fit that function to the data with
B0 and NNorm as unknowns in a least-squares procedure. The weighting
factors in this procedure are taken as the propagated Poisson variances
in the counts.

A function

f(t) = c*e−2 λt+d*e−3 λt (7)

is fitted to the countrate of the RoI in spectra #85–450, and optimizes c
and d to minimize the χ2. The results are listed in Table 2. The relation
between c and d on the one hand and Bo and Nnorm on the other follows
from the comparison of Eqs. (4) and (7).

From Table 2 one notices that in general Eq. (7) describes the
temporal behavior of the RoI countrates very well. The scatter in the
values of B0 and NNorm are much less than the corresponding ones in

Table 1
Energy, net countrates of spectra(cps) for spectrum 85 and 450, the corre-
sponding RoI countrate in the Doubles (NQ) and Triples N(R) probability
spectra, and the B0 and NNorm values calculated with Eq. (6).

RoI Energy
(keV)

Counts(cps) NQ NR B0 Nnorm

#85: #450:

1 2564.7 54.63 52.28 0.04522 0.04390 0.00579 184207
2707.8 0.00479 251218

2 2707.8 53.17 50.63 0.05715 0.05056 0.31175 2075
2855.7 0.31157 2341

3 2855.7 39.09 37.48 0.0427 0.04993 −0.08080 −11100
2997.8 −0.08081 −12510

2 + 3 2707.8 91.79 87.43 0.09946 0.10013 0.07500 10150
2997.8 0.24133 3077

Fig. 6. The 2808 keV peak in spectrum #85.

Fig. 7. Countrate (cps) derived in 2 h spectra, trendline and coefficients of the
associated fit parameters for RoI-2+3.
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Table 1. Also the values are quite close. It can be seen from the values of
B0 that at spectrum #85 the accidental coincidences comprise ∼2.2%
of the total count rate and of that fraction ∼2.3% arises from Triples.
This result implies a resolving time of ∼0.5 μs; close to the time re-
ported by the producer of the hardware (GBS).

3.2.4. Impact on the spectral shape
To assess the impact of the accidental coincidences on the spectral

shape, the MC spectra for Singles(S), and the associated spectra for
Doubles(D) and Triples(T) have been combined according to the above
analytical result for spectrum #85:

N2+3 = SF*[(1-B0)*S + B0(1-d/c)D + B0*d/c*T = SF*[ (1-B0)*S
+0.9777* B0*D+0.0223*B0*T]. (8)

In this equation SF is a factor to scale the probability function in Eq.
(4) to the actual count rate (cps/2h) and follows from the ratio of NQ

and NR, and the corresponding count rates in Table 2.
The top and bottom panels of Fig. 8 show the comparison of the full

MC spectrum (Singles, Doubles and Triples) and the measured spectrum
#85: the top panel is presented on a logarithmic scale, the bottom one
on a linear scale. With only about 2% of the count rate being due to
accidentals, the spectrum<2.5MeV mainly shows the true coincidence
spectra (Singles). Above 2.5MeV the accidentals become visible, but
their magnitude is so small that they only show up on a log-scale.

3.2.5. Contribution of accidentals to the singles spectrum
To investigate the contribution of the accidentals to regions of in-

terest (RoI), a broad RoI is set comprising the energy region 150-
2520 keV. Since this setting corresponds to almost the entire spectrum
the RoI is indicated as TOT. The setting is also such that systematic
uncertainties are avoided due to boundaries coinciding with peak
slopes in the accidentals or the measured spectrum.

Table 3 lists the countrates of RoI TOT in the simulated Doubles-
(ND) and Triples (NT) probability spectra, as well as the countrate of
accidentals in the measured spectrum. The conversion from ND and NT

to c85 and d85 follows from the values in Tables 1 and 2: 89.616/
0.09946= 901.03 and 1.9998/0.10013= 19.965, respectively. The
quantity AC is the count rate in RoI TOT for the combined accidentals.
For spectrum j the expression for AC becomes:

ACj= c85*e−2λ(j−85)∗2+d85*e−3λ(j−85)∗2 (9)

3.2.6. Extra dead time correction
The total dead time is caused by the processing of all counts ac-

cepted by the MCA. If the system processes accidentals that have been
recognized as real counts, it cannot process true coincident events
during that time. Hence the effective dead time for the true coin-
cidences is larger. How large is that increase?

We take RoI TOT to estimate the extra effective dead time for the
true coincidences and take the count rate in spectrum #85: 43107.09
cps. The registered dead time is 812.65 seconds. So for 590 accidental
counts (see Table 3) the system used 590*812.65/43107.09 = 11.12 s,
resulting in a Singles total dead time of 823.77 s and hence the effective
live time equals 7200.00–823.77 = 6376.23 s.

3.2.7. Impact of accidentals on the RoI countrate
To assess the impact of Doubles and Triples on RoI-TOT in spectrum

#85 the following steps are applied:

• Conversion of the RoI countrate in 2h to cps recorded live time;
• Correct the countrate by subtracting BG, Doubles and Triples;
• Correct for the “extra” dead time for handling the accidentals as
explained above;
• Correct this count rate for the natural decay.
Fig. 9 presents the relative countrate in RoI-TOT after applying the

corrections to all spectra from #85 to #450: a steadily decreasing ex-
ponential curve with a λ = 3.96*10−7 (2h)−1 = 1.98*10−7 h−1. This
implies that the corrections do not fully explain the deviating countrate
decrease with time. There still misses a relative small component

Table 2
Results of fitting the various RoI countrates by Eq. (7).

RoI χ2red c d B0 Nnorm d/c

1 1.08 53.481 1.0014 0.0193 61319 0.0187
2 1.04 51.660 1.3648 0.0299 30269 0.0264
3 1.37 38.062 1.0012 0.0225 39623 0.0263
2 + 3 1.26 89.616 1.9998 0.0222 40649 0.0223

Fig. 8. Various versions of spectrum #85: Top: a comparison of the measured
and MC simulated spectra including Singles, Doubles and Triples on a loga-
rithmic vertical scale; Bottom: The same MC simulated spectrum on a linear
scale.

Table 3
RoI-TOT countrate for accidental probabilities and related countrate in RoI-TOT
for spectrum #85.

RoI Range(keV) ND NT c85 (cps) d85 (cps) AC85 (cps)

TOT 150–2520 0.65415 0.27406 589.45 0.54685 589.99
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corresponding an exponential decay of about 0.7% of the natural decay
constant of 22Na. This yet unknown component is considered to be
significant since the χ2red= 1.10 is within the P(0.05) limit of 1.12.

4. Discussion and conclusions

In view of the assumptions made on the accuracy of the MC simu-
lations this result shows to what extent the simulations are able to re-
produce the contributions of Singles, Doubles and Triples. The re-
maining deviations from a horizontal line in Fig. 9 are an indication for
effects on the order of 10−3 not yet accounted for either, as mentioned
above, caused by the assumptions made in the present work or due to
unaccounted changes in the experimental conditions.

Fig. 9. Count rate in RoI-TOT relative to the weighted average as
function of spectrum number relative to spectrum#84.

In this work we investigated the role of accidental summing on the
22Na spectra arising from an approximately 50kBq source placed in a
well-counter and equipped with a GBS 527 base-10MHz MCA. The
investigation is based on spectra generated by a Monte Carlo simula-
tion. These spectra reproduce the measured spectra very well. From the
MC spectra an accidental background spectrum/probability function
was generated as a “selfie”: coincidence with itself. The accidental
probability was derived for the first spectrum only, since the accidentals
will decrease with decreasing source activity. By taking a gate over the
upper channels of the spectrum the counts predominantly arise from
accidental coincidences and the spectrum shows a peak at 2808 keV,
arising from three 511 and one 1275 keV photons.

Based on the exponential function for the strength and the cali-
bration, the contribution to the counts in the RoI TOT was estimated.
After applying the corrections for nuclear decay and applying the live
time value given by the GBS software and a correction for the con-
tribution to the live time of accidentals, the exponential count rate
pattern has disappeared to the 0.7% level of the 22Na decay constant.

The result suggests that the FSA stabilization procedure may be
extended by including the accidental spectra.

To investigate this option a measurement with a ∼50 kBq 22Na
source was carried out in the set-up at MEDUSA Radiometrics B.V. in
July 2017, with a setting of the gain such that events up to 9MeV could
be detected. The resulting spectrum was stabilized and analysed using
the FSA approach involving a measured BG spectrum (BG), the MC si-
mulated Singles spectrum and the derived Doubles and Triple spectrum.
The result is presented on a logarithmic scale in Fig. 10 together with
the contributions from BG, Singles, Doubles and Triples and their Sum.

Note that the logarithmic scale of the vertical axis covering six orders of
magnitude has suppressed the detailed structure seen in Fig. 3.

From Fig. 10 one notes that the count rate ranges over six decades.
In that range BG, Singles, Doubles and Triples all contribute. The
contribution of the Singles, Double and Triples is based on their prob-
ability functions. Their contributions at various energies to the calcu-
lated spectrum follows from an optimization procedure e.g. by mini-
mizing the function χ2:

=
>

N E Sum E
var N E

( ( ) ( ))
( ( ))

.
E E

2
2

thres (10a)

=var N E N EIn this case ( ( )) ( ). (10b)

From Fig. 10 one already notices that there are differences between
the calculated spectrum and the data. Since the count rate ranges over
such a wide interval the value of χ 2 and hence the intensity con-
tributions will depend on the threshold energy Ethres. Table 4 lists these
intensity contributions for a number of thresholds in percentages. The
values of the relative intensities are somewhat smaller than the esti-
mates for spectrum #85 (August 2016) in section 3.2.4., likely re-
flecting the decrease in source activity.

From Fig. 10 and Table 4 the possibilities and limitation of the
present approach to describe accidental coincidence summing, which is
the aim of this research, become clear. The approach describes the
general contribution of Doubles and Triples to the measured spectrum
quite well but misses out on some of the details. It should be re-
membered that in the approach the summing is supposed to occur when
two pulses arrive in the electronics within a certain time window. This
window is taken to be sharp and independent of the size of the pulses.

Fig. 9. Count rate in RoI-TOT corrected for the contributions of background,
Doubles and Triples as well as for extra deadtime and natural decay.

Fig. 10. Count rate in a 22Na spectrum measured in a NaI well counter (data)
together with the contribution from a measured background (BG), the con-
tributions of MC-simulated Singles, of the derived Doubles and Triples spectra
and the Sum of the latter four spectra. The relative intensities are obtained by
minimizing the difference between the measured and Sum spectra for
E > 5010 keV. (see text).

Table 4
Relative contributions of Singles, Doubles, and Triples to various parts of the
calculated spectrum.

Ethres (keV) Singles Doubles Triples

120 98.56 1.44 0
2700 98.66 1.34 0
4770 99.13 0.86 0.0086
5010 99.01 0.98 0.0077
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In addition it is assumed that the spectral broadening is the same for
Singles, Doubles and Triples.

In conclusion it can be stated that the accidental coincidences in
gamma-ray spectra are well described when occurring in data up to
about the 2% level, but need more refinement to describe properties on
an accuracy level 10−3 or more accurate.
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